%395 %o
2022 4E 11 A

B2 4R (A AR

Journal of Guizhou University ( Natural Sciences)

Vol. 39 No.6
Nov. 2022

XEHS 1000-5269(2022)06-0031-06

DOI:10. 15958/j. enki. gdxbzrb. 2022. 06. 04

I~ X FATERRIE A 5 B £ 18 (8] 3 #0 A Bl = 8] /2

kAR
(BNAKFEZR £, BE 18N 350002)

W OE A AN RN T — e S RS LR 57, £ Hilbert = 1 A 7 T #5716 34 47 19)
MY R EFE, FEEL LSS TR TG BT R e Ry S EFHHR AR EG AT,
KGR ) LA IE I T ik 1Ak R 4B ¥ Kk Bt ; Hilbert = 4]

FEHZES:0177.91 CHAPRAERD A

WA Ee AN Bl s R S AR L 43 A Y E B
MR o AR X LY 5K WU AN Bl a5 )
AN [E] B A T IR ABIESY , ST S A A% a2 LA =X
DAIE IS 5K B S AN By 5 4R 0 49 48 ) R0 e B 1
EAS IV i o 2 o 2 o= 7 N ) NG TIPS v 1< 5= W T
A 7 vk DA 745 TRV B I Es1e 04T T e,
UG TRAF AR a5 A, DL SCHR [ 1-7 ] B ARG
SCHR o

XFF TICHEL G:C x € — R, J¥5f 0] 5 (A
EP 7R Al SOl 4 x e C, {1117

G(x,y) =0(Vy e C) (1)
P (D) Mg SEIE R EP(G) , J)

EP(G) = {x € C:G(x,y) =0,Yy e C}

BEBS T.C > H, X FrA«x,y e C, &
G(x,y) = (Tx,y —x), WAz e EP(G) X HAY
(Tz,y —2z) =2 0(Vy e C), Bz 55X
e X TAEREM x,y € C, & G(x,y) = T(y) -
T(x), Wz e EP(G)eT(z) = infT(y)(Vy e
C), BV z j2dme/MEL ] o R E, B4 ) (1)
W A8 o3 AN G T AR Ak ) 8 B {1 ) A LA B
Nash Y5fif[a] #5545

2015 4, XU 21 1) F B i i 7w s 7 E
Pk R R UT )

% = af(x,) + (1 —a,)T(

Xy + X1

e,

n=0

(2)
Heb fa, b € (0,1) /B4, T Z2ARY 5K
S, JFAE Hilbert =3 [u] A5 51 1 58 Y S0E #L o

Wi B HA: 2021-10-19

[l —4F, KE % $8 07 7 SCR P Bk At
JFH1:

%, = o f(x,) + (1 —a,)T[s,x, +

(1-5)%,,1,n=0 (3)

Hrb fa, b, s, 0 C(0,1) fREAEMYSS, TRARY
SRR, FFAERE L S AR B 1% 4 i R I8k
SEHE

2018 4F, b B BESE T AN AR Ik w7
M SRS AEx, e C,

Clu,y) + 0y —upu, —x,) =0,¥y e C
r".

u, +x,

Xl = 0%, + (1 - an>T( 2 l+]>

(4)

Hep fa,f € (0,1),{r,} C (0,0), 3 H7E Hil-

bert 25 [A] FRAF ] 1327 91 ) 55 O BIOR SR AL SH0E L

2020 4F, Pogr R4 BFS TR ARD sk gt
M GRS IUPS  4E v, € C,

Glu,y) + 0y —uyu, —x,) =0,¥y e C
rll

un + xn+l

2

% = o f(x,) + (1 -a,)T( )

(5)

H HAE Hilbert 25 [W] LR 11950 {a, b A fu, | R

WS T F(T) NEP(G) FRHE—Aniz, Hfz =
PF(TmEP((;)f(Z) °

523 IR SCR IR A ASSCE A AR SRR )

AN g T AR 4 T R 2 A, R P P S

EEWA: Wy QAR e G LR BT (2019J01651) s R #2415 AF BN Z A BHITHE B i H (JA15624, JAT200945 )
EZ ' : W R (1982—) ) B0, AL, 0F5E 05 1] - ARZEME 20 HT , E-mail : 181401539@ qq. com.

+ BIEE : L4 E ,E-mail : 181401539@ (q. com.



=32 B2 (AR RR)

539 &

15, 7% Hilbert 73 8] H 42 H — BT (4 1 SR ik
FF, I HAEFL L5504 N R Tz U7 5 iy
WS, BT IS Y SR HE T SCER 10 J AR [ 11 ] 1
518,
1 &R

2R H &S5 Hilbert 25 [8], C 02 H 1Y
=T, P {x, b S5IET « 180k v, —,
PAR b s T v 0k x, — w0 fEH— 8 x €
H, Whal7E C 3R 3k — 1) e B 5 P (),
fBi15

[ =Pc(x) | < [[x-yl,YVyeC
FR PR HATE C EWBGEE T, WBAR P2 dEY ik
B, MEX T o e HU Kz e C, B

z=P(x)={x-2z,2-y) =20,¥Vy e C

R TR R EP(G) , R sREL G i 2
IR 4 4551

(A1) G(x,x) =0,Vx e C;

(A2) GZRIAR, B G(x,y) + G(y,x) <O,
Vx,y e C;

(A3)XBEATH) .y 2 € €, A limG(iz + (1 -
Dx,y) < 6G(x,y)

(AHMEER x e C, y— G(x,y) ZIMAYFI
TRRES
EX 1 &C%H%W¥%, T:CHC,f:CHCIEé
P33

(DXNFEENx,y e C,HA | Tx-Ty| <
2=y |, WIFR T 2R skt

(2) X F € PHIFIH x| ,x0,—x € HAH
Tx, — O ATLAESE T, = O, WML THE 0 i
“EHI

)X TR 2,y € C, FEFE a € [0,
D), 57 (1 fC) =f(y) | <alla-y| , WFRSR
JE AR5t
SIE1™ W C R H ARSI T4, G:C X
CoRWE(AL)—(A4), &r>0,x e H NFLE

s e CHR G(2,y) +—(y —2,2 %) 20,V e C.

3138 2% WSl G.C x € — R R (Al)—
(Ad), XFr>0,0 e H, EXWE S, .H—CH
S,(0) = 12 C:6(zy) 4 (y =22 -x) =
0,YyeC},¥YxeH
A
(1) S, AL ;

(2) S, EREARY TR B || Sx = S,y |2 <
(Sx=-Syx-y),Va,y e H;

(3) G(S,) = EP(G) ;

(4) EP(G) ZAEZ MM
513" W C R HWAESMHMN TS, T:C—C
JEARY Ik, R THE A I8 Al - THEO
SUEREHI X T2 H dr i e S et ) | B an 2R
CHIERITH x| FSTF « e C HAFA
P =T, | SRSy, WA (T -T)x =y,
SIE 4 e, ), (b, 1 fe, | AR
B, et € [0,1) FHIH RN &M
{aml <(l-¢)a, +b,,neN

zcn = oo’Zb” < o

n=1 n=1

W lima, =0,

SIE S B e, B— ARG, H R

an+l g (1 _ﬁn)an +Bn0-n +5n7n 20’ /ﬁ;q:‘ {Bll} C

[0,1],) B, = » ,limsups, <0, Y 5, < »,
n=1 e n=1

2 lima, =0,

2 FEHR

FE1 K CREHPRIEEHNTE, G:.Cx C—

RJEZICHREL AR (A1) —(A4) o f:C — C 240

Wesgf, T:C — C AP sk g, 2 = F(T) N

EP(G) =, [EBHAEx € C,ix,f M iu, | BIE

X

Clu,y) + 0y —uyu, —x,) =0,¥y e C
rll

%o = o f(x,) + (1 =) Ts,u, + (1 =5,)%,.,]
(6)
H fa, b, fs,t € (0,1),{r,} C(0,0), IFHi
Jl PN S
(1) lima, =0;

(i) Y a, = ;
n=1
(i) X e —a, | <=5
n=1
(iv)0<e<s, <l(n=1);
(V) 2 [ =5, <o s
n=1

(vi) liminfr, > 0 ;

(vii) z ‘rn+l _rn‘< ]
n=1



5 6 1]

TR ) R AT S A 25 ] REAA 21 A5 T) +33.

WFEH fx, b A, b RIS 2 € 02, Hiz =

Pof(z)
IEBR ST S5 ORI ER 1,
D) P4 fx, ) M fu, b BHHR
g e Q, H5IH2 7 Hu, =S, x,, Bk
lw, =gl = 1S% -S.ql < llx -qll,
Vn=l1 (7)

HNTBEIM, %z, =50, + (1 =s5,)x,,, M
fHx,,, =af(x,) + (1 -a,)Tz,.
K T 2 AR sk st Br LA
[ % =gl = laflx,) + (1 -a)Tz -q|
a, [1fx,) =gl +(-a,) Tz, -q|
a, [fx) - || +a,f(q) -
gl +(1 -a,) [z -q]
saalx, -ql +a,lf(q) —q]| +
(I -a)s, lu, —qll +
(1 =)l =5) % —q|

=
=

(8)
XX (8) #EATREI, 25520 (7) B3
ao, + (1 —a,)s,
1 _(1 _an>(1 _sn) ||xn _q” +

|| Xns1 — 4 || =

an
1 - (1 _a”)(] _‘Sn) ”f(Q) _qH
(1 -a)a,
e it
(1 -a)a, 1

1_(1 _Oé,,>(1 _sn) .1 _a”f(CI) —-q ||

< max| %, =g 1 IA@) ~q ]
R 4 0
I, = a < maxt % = q |7 /(o) -

gllf,¥Yn=0 (9)
FRUA tx, | A FUFH, [ fu, b, (T, b, T, b,
[Tz, | WA,

2) lim |2, ~x, || =0 lim | u,.,
HHx,,, =af(x,) + (1 -a,)Tz,, BTLA
[% =%, || = [laflx,) + (1 -a)Tz, -, f(x,) -

(-, )0, |

= laf(x,) —af(x,) +aflx,,) -
o, f(x,) + (1 —a)Tz, | -
1 -a)Tz_, + (1 -a,)Tz,_, -
(1 —e, )Tz, |

<, |fx,) Sl D)l + |, —a,, | X

_u’n || :OO

n+l

”f‘(‘xn—l) _En—l || +<1 _an> ||71zn _YTZn—I ||

<aofx, -2 + e, —a,, K+
(I -a,) lz, =z, |

=aalx, -5 | + o, -a, K+
(1 = e,) [Is,u, + (1 =s)x,, -
Spctllyy = (1 =5, |

=aally, —x, || +|a, -a, |K+

(1 _an) || Sn(uu _unfl> +
(1 =s5,) (2, —x,) +
(Sn _snfl)<un71 _‘xn> ||

<oaly, -2, + o, -« K +
(I =a)s, lu, —u,_ || +
(I -a)(l=s) 2, -2, +
(L =a,) s, =5, [l —x,|

(10)
Hrp, K = supi || f(x,) =Tz, || :n e N{,
= (6) 15

G( un+] J) +

<y = Uy Uy — xn+l> = 05

n+l

VyecC (11)

G(u,,y) +L<y -u,,u, -x,) =0,YyeC
r

n

(12)
XD PRy = u,, A
G<un+l9un) + 1 <un T Up Uy _xn+1> 20
n+l
(13)
Eﬁ(lz)qjﬂyy = un+1’ I)_l\'Jﬁ
G(”’n’um-l) +L<un+l - u,,u, _xn> =0
rﬂ
(14)

FEA(13) K C14) A, FEAR 3 (A2) 47 4 1l
A

<un+| - un’ -

LA

X, — (un+l -

<un+l - un ’un - un+l + u’n+l Y

Xyl ) > = O
P lim infr, > 0, FrRLASRAFESEL D > O, fiifs

r, >b(n=1). HNIA

2
|| Uy — U, || = <un+l - Uu,,x

(1-

x, +

n+l n

= X4 ) >

rn

)(un+]

r

n+l



<34 . Tl K2l ( B RBE2E D) %39 &
< o = w2 =%, ||+ lim ||, —u,| =0 (20)
U s = 1) 3) lim [[x, = 7x, | =0 Filim |, ~Tu, | =0.
" £ g e 2, Hu, =S, x, ATA
= || Uy — Uy ” ( || Xpp1 = Xy || + 2 2
X luw, —ql* = [IS,% -S4l
r"i Toyp — T, | wper = 2,00 1) ={S x, — Sr”q,un -q)
<l = | o -, |+ < (u, =q.%, - @
1 2 2 2
e = it =5 ) =l = P+ 5, =g 7 = |15, =, 1)
(15) HIFE]
~(15) 7 N, =gl < lx, —q” = % —u, |’
BL = supl |u, —x, | :n e N|, disk(15)78 : < = .
1 (21)
- = +1 7 +- - L .
|| u’n+l u’n || || xn 1 x ” b rn+l r,, EE:Et(Zl )ﬁ
(16) 20 —q|® = lla[fx,) —q] + A - )Tz, —q] |’

WA fx, b Ffu, b #2E A AT, B L
[,y =, || 8 WA, AR M >
0, ity

lw,., —x, || <SM,Vn=1 (17)

H1z0(10) ((16) F1(17) Al 1%

|| Xns1 — %y || = o, || Xy =Xy ” + ‘an -, ‘K+

(I =a,)s, (o, =2, || +
1
R L L) + (1 -a,)
(1 _Sn) ||xn+l _xn || +
(1 - a"') Su - Sufl ‘M
Xf b AT RS VR A
aa+(l-a)s,
”xml - X, ” S1 _(1 —Oln)(l —S”) ||xn X ” +
1
‘an_Cln—] ‘K+f S L+ ‘Sn_snfl ‘M
1-(-a)1-s,)
(1 -a),
= [1 I, = [+

1-(1-a)1-s,)
M

1
‘ =0, ‘K +7 ‘ P ‘L +
1 - (1 _an)(l _Sn)

S,—S$

n-1

(18)
HAHO0<e<ss, <1, i FAO<e<s, <1 -
(1 —a,)(1 -s,) <1, @\X(18) 775

|| xn+l _xn || = [1 - <1 _a)an} || xn

Su T Sn—l ‘M)

n

—x, ||+

L+

n-1

1 1
;< ‘an -0, ‘K+? rn, =T

HIZ&PECID) (T v ) (vi) U5 4 m] #fe

T
llm || xn+l - xn || = O (19)

n—

(16 F || r,., —r | =0(n— ) A5

<a, [f(x) =g |’ + (1 -a) | T —g]’
<o, I1fx) —q "+ (1 =a)s, u, -
g1+ (1 —a)(d=5) 50—
<o, [f(x) =g 17+ (1 -a,)s, | %, -
gIl" = (U =a)s, %, =, |+
(1 =) (1 =5,) [x, -ql’
R
(1 -a,)s, ||,
<o, [f(x) =gl +(1=a)s, |5 -q]*+
[ =a)(1=s) = 1] 2, —q ]’
< [fx) ~g]*+ (1 =a)s, (5 —q]* -
I = 17) =y [ —g
<, [f(5) =g ]1* + (L =a)s, [ %0 -3, ||
% =g+ 1% =g 1) = % =g I
% lima, = 0, FisL(19) AT %0
lim || %, = u, | =0 (22)
HAPECT) (v) . 3R(19) (20) AT

o, =Tz, | < %, =Tz || + | T2

2
- u, ||

ot — Tz, ||
< o 1/ ) =Tz || + 2 -2, |
<o, [ f(x,) =Tz || +

(T =s) % -2, | +

— U, || +

s _Sn—l‘x

n

lu, =, | =>0(n— =) (23)
H(19) ((22) #X(23) 1%

lw, =T, | < lw, =%, | + [I%, =Tz, || + [Tz, =T, |

s, |lw

n

< llu, —x, || + [la, =Tz, | +

(1 _Sn) ||xn+1 _xn || +(1 _Sn) ||xn _un ||
= (2 _SII> || ull _xll || + || x" - TZ" || +

1

? || xn+l - xn || —)0(]1—} ® ) (24)



5 6 1]

TR ) R AT S A 25 ] REAA 21 A5 T) +35-

R E(22) fi(24) 73
%, =Tx, | < [, —w, | + lu, =T, || + || Tu, =Tx, ||
<2|x, —u, || + u, -Tu, | >0(n— )
(25)
4) lir,rllﬁiup<f(z) -z, —z) <0, Hrz =
Pof(2)
H1=0(22) , AT fu, b —AF {u, |, (575
lim sup(f(z) -z,u, -2
= lirzlaiup<f(z) -z,u, —2z)
= lil:lﬁiup<f(z) -z,%, —z)
B | AR FRAEAE L, | 00— T L, |
ST vo ANR—MlE, HHEMBK u,vo 1 || w, -
Tu, | =0(n— o), AJH Tu, v, FHIEH] v € 02,
B3]

Cluyy) + 0y —uyu, —x,) 20,¥y e C
rn

HE(A2) 1 2y =y, =) = 6(yu,), BERLA

n; xni

<y_u’nL’ > BG(D’,MW)O

n;

u, —%

i

i 0l u,—v, DL (A4) 1%

G(y,w) <0,Vye C.ltr e (0,1] Fly e C, %
y, =ty+ (1l —-t)vo HFye CHvelC, illy,
CHG(y,v) <0, (A1) FI(A4) HFH0 = G(y,,
y) =t6(y,,y) + (1 —1)6(y,,v) <t6(y,,y)
0 <G(y,y)o HI(A3)FF0 < G(v,y),Vy e C,
FrLIIERR v e EP(G),

TNHUEM v e F(T) T AR 5K, Hi5 | BE 3
IR = T AR O 2 M. Fl i T A ik B ] 280
lw, = Tu, | =0 HMu,—v, Frlhv e F(T). Hit
B v e O, Hz = Pyf(z), 15

lir,rllaiup<f(z) -z,x, —z)

= lirgiup<f(z) -z,u, - z)

= (f(z) —z,v-2) <0 (26)

$) lim |2, ~| = 0 Al lim | u, -z = 0.

SRR G I E A R DI B
|2 =2 < (1 —a)’ | T2, -2 " +

20, (f(x,) —z,%,,, —2)

< (1-a,) s, +(1=s,)x,,, =z +
2a,(flx,) = f(2) 2, —2) +
20,(f(2) = 2,3, —2)

< (1 -a)%,llu, -z||” +

(1 =a,) (1 =5,) |2, -2 +
2aa, [[x, =z || %0 -z +
20, {f(2) —z,x,, —2z)
<(1-a),|x, —z]|°+
(1—a,) (1 =5,) |2, -2 +
aa, (|2, =z [|* + [|%, =2 [°) +
20, {f(2) —z,x,, —z)
(At
(1-0a,)’s, +oa,
1-(1-q,)(1-s,) -aq,
20, (f(2) —2,%,, —2)
1-(1-a)%(1-5s,) - aaq,

o, =2 1" < l, =2 1" +

2a (1 -
T 1S P
o,Q-a-a)+1-a)s,
2
a, 2
—z||* +
a0,2-a-a)+(1-q,)s, I% ==
2a,

a,C-a-a)+1-q,)s, ) ~2%,4 ~2)

20, (1 - «) )
= |1- X —Z
: «Q2-a-a,) +(1—a")zan b=l
20, (1 - )

X
a,2-a-a,) + (1 -a,)s,

[

2
a, |6, ~=||

1
o) TToJ® 2 —2)]

2an(1 - C() 2
- ] llx, =z ||” +
,2-a-a,)+1-q,)s,

20, (1 - o)

a,(2 —a-a,) + (1 —a,)’s,
a, 1
[2(1 _a)] +1 _a<f(z> —Z,X, 4 _Z>:|
=(1-B) % -z +B,o,

Hrp

B, 20,(1 )

e, (2-a-a) +(1-a,)’s,

o, 1

T o) e )

I = supi | », —z||2;n e N}

(o

2 1 -
mﬁﬁ@m%ﬁmﬂmn>éﬁwjﬂ:
2=y PR i) U (26) 777

Y8, = », limsupe, < 0, Frp 5/ # 5 flk
n=1 noe

(24) 1%



36 - B2 (AR RR)

539 &

lim ||x, —z] =0 (27)
lim fu, ~2] =0 (28)

A B UE B AR AT R fx, b A, b SRIK
Tz e Q, Mz WRESAFEX (T -Ny,x -
y) =0,x e QWME—fF, Bl z = Pyf(2),

AR, = o, R (6) Bk

X (5), BESCwk[ 11 ]/ 2 L5 .
E2 7EEBM LR MR f =1 (EEMY), s, =

3 MR (6) AL (4) , W A3CR L 10] 9 £ %

45ie.

%30k

[1] BLUM E, OETTLI W. From optimization and variational
inequalities to equilibrium problems[ J]. Math Student,
1994, 63 123-145.

[2] CENG L C, YAO J C. A hybrid iterative scheme for
mixed equilibrium problems and fixed point problems
[J]. Journal of Computational and Applied Mathematics,
2008, 214 186-201.

[3] TAKAHASHI S, ZEMBAYASHI W. Viscosity approxima-
tion methods for equilibrium problems and fixed point
problems in Hilbert spaces[J]. Journal of Mathematical
Analysis and Applications, 2007, 331; 506-517.

[4] CENG L C, AL-HOMIDAN S, ANSARI Q H, et al. An
iterative scheme for equilibrium problems and fixed point
problems of strict pseudo-contraction mappings[ J]. Jour-
nal of Computational and Applied Mathematics, 2009,
223, 967-974.

[S] e R, st Wty skt iR & R AUF 51 11
WA S R LT ] A ORoA oAl 2016, 44
(5): 621-626.

[6] SHEN J L., HUANG J H. Hybrid iteration method for

generalized equilibrium problems and fixed point prob-

lems of a finite family of asymptotically nonexpansive
mappings[ J]. Annals of Applied Mathematics, 2017, 33
(1): 18-31.

(7] Ve R, RME, oA, FIEUR Bregman 4 )y 0 i
FEY SRS i 2 (R R SOE BELT ] a1 R
£, 2017, 54(2) . 261-267.

[8] XU H K, ALGHAMDI M A, SHAHZAD N. The viscosity
technique for the implicit midpoint rule of nonexpansive
mappings in Hilbert spaces[ J/OL]. Fixed Point Theory and
Applications, 2015 1-12[2021-10-19]. https://fixedpoint-
theoryandapplications. springeropen. com/articles/10. 1186/
s13663-015-0282-9. DOI: 10. 1186/s13663-015-0282-9.

[9] KEY F, MA C F. The generalized viscosity implicit rules
of nonexpansive mappings in Hilbert spaces [ J/OL ].
Fixed Point Theory and Applications, 2015 1-21[2021-
10-19]. https://fixedpointtheoryandapplications. spring-
eropen. com/articles/10. 1186/513663-015-0439-6. DOI.
10. 1186/513663-015-0439-6.

[10] k8 R Ml BRI sk m i B b sk AU S A
il ], TR (A RBERR) , 2018,
39(4) : 305-308.

(IR R, i, sdfe. A9 kb B b A ek
FPF B 114 3 30 () AR B A R AL [ ] 4 31 2 2 4l
(AZRBLARR) , 2020, 46(1) : 1-7.

[ 12]COMBETTES P L, HIRSTOAGA S A. Equilibrium prob-
lem progamming in Hilbert spaces[ J]. Journal of Nonlin-
ear and Convex Analysis, 2005, 6. 117-136.

[13]GEOBEL K, KIRK W A. Topics in metric fixed point the-
ory[ M]. Cambridge: Cambridge University Press, 1990.

[14]XU H K. An iterative approach to quadratic optimization
[J]. Journal of Optimization Theory and Applications,
2003, 116 659-678.

[15]XU H K. Tterative algorithms for nonlinear operators[ J ].
Journal of the London Mathematical Society, 2002, 66
240-256.

(= fE4miE: ARRE)

Equilibrium Problems and Fixed Point Problems of

the Generalized Viscosity Implicit Iteration

SHEN Jinliang *
(Fuzhou University ZhiCheng College, Fuzhou 350002, China)

Abstract ; In this paper, we introduce a generalized implicit scheme using the viscosity approximation technique,

and study equilibrium problems and fixed point problems of nonexpansive mappings in Hilbert spaces. We prove

that the suggested method converges strongly to a special common element of the solutions of equilibrium

problems and the set of fixed points of nonexpansive mappings under some conditions.

Key words: generalized viscosity approximation; implicit iteration; nonexpansive mappings; Hilbert space



